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ABSTRACT

The transient behavior of straight fins is considered in this work. Kantrovich variational method is used to
reduce the partial differential equation which is solved analytically to determine the temperature distribution and
the fin efficiency. Four different cross-section shapes are examined; rectangular, triangular, hyperbolic and
parabolic fin shapes. The steady state fin efficiency and the time required to reach 99% of such values were

determined for three different cases of design.

INTRODUCTION

Fins design is of great importance in engineering
applications of heat transfer. Straight fins are
commonly used with flat surfaces to increase the rate
of removal of heat generated by the source,

Almost the shape and the dimensions of the fin for
a specific process are chosen based on the steady state
analysis of the problem. Many tables and charts are
still in use to determine the efficiency and the
optimum fin dimensions. Gardner'”, determined the
efficiency of various straight fins and spines. His
figures appeared in Eckert and Drake®, and in some
other books.

The optimum dimensions of the fin was solved by
Schmidt”, and was confirmed by Duffin and
Mclain®.

The disturbance in the environment temperature or
the base temperature of the fin and the fluctuation of
the flow rate of the fluid surrounding the fin, have an
important influence on the performance of the fin and
its efficiency. This may lead to unexpected changes in
the rate of the heat removal. This is mainly occurred
during the starting period of the thermal process.

Champan(s), studied transient heat conduction in
an annular fin by using the separation of variables
method. Yang®, obtained temperature distributions at
large time for rectanigular fin subject to Periodic base
temperature. Chang Yi-Hsu et al’, used the
perturbation technique and an averaging method to
reduce the problem of transient conduction in a 2-D
rectangular fin to that of a 1-D problem which solved
by the linear operator method.

In this study a variational method is used to solve
the transient heat conduction in different shapes of
straight fin. The Kantrovich method is applied to
reduce the partial differential equation, which is
solved to determine the fin efficiency and the
transient behavior of different shapes of straight fins.

PROBLEM FORMULATION
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Fig. (1) Schematic Diagram of Straight Fin

Consider a straight fin as shown schematically in
Fig.(1). The analysis of the problem is based on the
following assumptions:

- The properties of the fin are constant.
The heat transfer coefficient is constant.

The fin thickness is smaller than its length and the
thermal conductivity is much larger than the heat
transfer coefficient. This makes the temperature
gradients are only in one dimension and the
temperature gradients may be neglected at the
thickness of the fin.

The heat transferred through the edge of the fin is
neglected compared to the heat removed from the
entire surface of the fin.

The fin is basically at equilibrium with the

environment and suddenly subjected to change in
environment without changing base of the fin.

Under the above assumptions, the energy balance for
a control volume of length, dy, is given by:

pCro() 22 = k%[a(y)a—ﬂ -2 0
and the boundary and the initial conditions

o
0 (0.y)=6,, O(tL)=8,,~=|., =0
ox

Introducing the following dimensionless variables
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x=X, 0=2 Bi=siliteoniank
L 0, 5, k
3, pCp

into Equation (1) results in

oD , 00
g(x axJ Bio-z"— <= ~(2)
a(0,x)=1, qft,1)=

In Equation (2), the shape of the fin is represented
by the power, n, the variation of the fin thickness
along the fin. Four common fin shapes are used in this

work, they are, rectangular, n = ¢>, hyperbolic; n =
1/2 , triangular; n = 1 and parabolic; n = 2.

9%,0)=0
X

Variational Formulation and Solution

As with steady problems, by taking the governing
differential equation of a transient problem as the
Euler equation of the desired formulation®, it is
found that the equivalent from of the variational
formulation of the present problem as:

]-,[ (— ——B@—x —)S(Ddxdrao---@)

According to Kantorvich method®, the temperature
profile was assumed as:

O(x,t)= 0(x, 3, (1), 3, (2). 3, (1) -+ 3 (1))
..(4)

Which is specified in x-direction, but depends on the
unknown functions Jo(t),--, Im(t) in time.

Inserting Equation (4) intc Equation (3) gives:

Bt 0l ok : . 0D
ot g L e WE)

op +-63—83, ---92-—83", dxdt=0

a3, 23, o3

Since Equation (5) is .true for an arbitrary time
interval (t1,72), the integrated relative to time

m

integration must vanish every where in this interval.
Thus it will be

090 pigy_ 4 20
L(gx—(x ax) Bi® - x at)x

...(6)
ﬂ—83 e & +-----?9——85m dx =0
a3, 03, a3,
Furthermore, since the variations
830,831,--,83m are arbitrary their coefficient

must vanish in Equation (6) giving the equations
d ,o0 , . 0D D
.[(5;(:; o )"éis_‘h o (D

i=12,..m

After x-direction integration, Equation (7) yields
(n + 1) simultaneous ordinary differential equations in
term of the unknown functions
Jo(r),31(x),32 (x)-,3m (1)

In this work the following approximation is used
to represent the temperature profile of the fin which
satisfy the initial and boundary conditions of the
problem.

fb(x,t)=l—(1 - XZXSQ(T)-}- xzsl(‘:))---(s)

Inserting Equation (8) into Equation (7) and then
solving the resulting equations for the time-dependent
functions, So (-;) and 31 (,c), gives

2
3,(1)=K + YK e i=12 -

i=l
Where K;i and A; are the eigenvectors and the
eigenvalues of the characteristic equation associated
with Equation (7), listed in Table (1).
Fin Efficiency

The fin efficiency is defined as the ratio of the actual
to a hypothetical heat transfer

_Actual heat transfer from the fin
Heat transfer from the fin at base temp

L
hP DdeY ! ...(10)
n=—t— - [oux
hP [6,dy °
0

Where, P, is the perimeter of the fin, which is
constant for straight fins (P = 2 width).

Introducing the temperature profile, Equation (8), in
Equation (10), the fin efficiency becomes

Z(ST(I)JFE%QJ .(11)

n=lm

Equation (11) describe the transient fin efficiency
which is depending upon transient profile for any type
of the fins considered in this work.

A comparison of the efficiency for straight fins is
made here, it is being on the basis of the following:

1. Case (1) equal length, L, and thickness, 8 0 .

2. Case (2) equal profile area and thickness.
3. Case (3) equal profile area and length.

For the first case the fin parameter, { |, used to

analyze fin parameter, C ,, will be as follows

2hA‘? = Bi ..(12)

k&) (1+n)’
where A is the profile area determined as follows

C=
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L LB, oo
H l1+n

and for the third case, when the area and the length are
identical for each type of fins, the fin parameter, C 3, is

=2 < 1 en)i (19

RESULTS AND DISCUSSION

First of all, the accuracy of the variational method
used in this work was examined against available
exact solutions. The exact solutions of the steady state
fin efficiency for different shapes of a straight fin
(listed in Table (2)), were compared with that resulted
from Equation (11) as the time approach infinity
(M1w )+ Fig:(2) shows that the procedure suggested

in this work presents the fin efficiency for different
shapes with acceptable error. As shown in Fig.(3),
there is a maximum error between the exact and the
approximated solution for each type of fins. The
magnitude of these values depends on the shape of the
fin and the value of Bi. The results indicate also, that
the error decreases for Bi >1 which is reduced to
about 0.5% for Bi= 3, independent of the fin shape.
In general the error betwezn the exact solution and the
approximated one, for parabolic fin (n = 2) is always
higher than other shapes.
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As it is mentioned earlier, the main purpose of this
work is to investigate the effect of fin shape on the
transient behavior of the fin when it is subjected to a
sudden change in wall temperature and then to
determine the period, T S, required to each the steady

state temperature profile and so the steady state fin
efficiency. This can be achieved by estimated the time
at which the transient efficiency approach 99% of the
steady state value.

These values of TS, were determined in a similar

way of that presented in Fig.(4); for rectangular fin.
For a certain value of Bi, the transient efficiency were
calculated from equation (11) and compared with the
steady state value of efficiency for a same value of Bi,
then evaluated the time TS at which the efficiency

approach 0.99 of the steady state value.

Fig.(4) Determination of Ty for Rectangular Fin

Fig.(5) illustrated the effect of the shape of the fin
on the value of TS. In this case it is assumed that the

length and the thickness of the fins are similar, i.e.,
constant Bi, case (1). As shown in Fig.(5), the
rectangular fin which has a best fin efficiency, needs
the longest time to reach the steady state efficiency,
whereas for the parabolic fin which has the lowest
efficiency, the values of TS were less than other fins.
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For case (2); Figs.(6, 7), the results did not differ
from that of case (1) except that the differences
among the efficiencies of each fin became larger and
the values of TS were smaller than that the former

case for all shapes but the rectangular one where the
efficiency and TS were identical for the three cases.
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Fig.(6) Steady State Fin Efficiency
(Case 2)
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For both the rectangular and parabolic fin the values
TS approach (0.2) for the fin parameter greater

than (3).
In the third case the behavior in some what differs

from above cases. For fin parameter greater than (2)
the efficiency of the parabolic fin is higher than other

shapes which was in reverse with the former cases.
Parabolic fin has the lowest values of TS, the

magnitude of these values were found to be between
the magnitude of case (1) and case (2).
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CONCLUSIONS

The partial differential equation derived from the
transient state heat balance of straight fins has been
solved using Kantrovich variational method. With
acceptable accuracy of approximation, the results
indicate that the parabolic fin have lower efficiency if
it is compared with other shapes, at the same
thickness and length, case (1) or at the same profile
area and thickness, case (2).

For case (3) the parabolic fins have higher efficiency
when the fin parameter exceeding roughly 920.

It has been shown that the rectangular fins for the
three cases, need longer time to reach the steady state
temperature profile and so the steady state efficiency.
The parabolic fins have always the shorter time.

The fin design should be related to economical
considerations. After the selection of fin material, for
a given environment, the designer should choose the
most suitable fin. For example, under some geometric
requirements, the fin length may be limited, the
selection must be based on the results shown in
Figs.(8, 9), as follows:

Independent of the fin parameter the parabolic fin,
as shown in Fig.(8), needs less time to reach the
steady state conditions. Now if the fin parameter were
less than (2) the rectangular fins have the best
efficiency, but still have a longer time, TS, than the

parabolic fins. In otherwise, if the fin parameter was
greater than (2) the parabolic fin must b chosen which
has the best efficiency and the shorter time, TS, and

also has the same weight (same profile area) of other
fins.
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APPENDIX
Table (1) Eigenvectors and Eigenvalues of Equation (9)
Koy =g)y/a Kp=g7/a
AK =K -Kg,

Ky =(-Kg +AK/(1+ U,))/(1 - (1+ U, )/(1+ U,))
Kp=(-AK+K,[1+U))(+U,)

K, =-U K, Ky =-U,K,;
A =—B/2+ B —4a

ﬁ=(B|C2 +D,A, -B,C, *DzAl)/Y

a=B,A, -B,A, y=D,C, - D,C;

e, =E,B, -EB, e, =E,B, -E,B,

A, =4/M; +(8/15)Bi A, =4M, /M, +(8/105)Bi

B, =4M, /M, +(8/105)Bi B, =4M? +4M+11)/ My, +(8/109Bi
C, =8/M,;;, C, =8/M,,

D, =8/My, D, =8/M,

E,=(/3)Bi E, =(2/15)Bi

U; ="(A1C1lt)/(B: + Dll.)

M, =n+l M.jk=M|Mij

IRAQI JOURNAL OF CHEMICAL AND PETROLEUM ENGINEERING, 2000, Vol. 1, December (29)



Transient Behavior Of Straight Fins

Table (2) Exact Solutions of Steady State Fin Efficiency **

Fin Type, n Fin Shape Fin Efficiency, T
Rectangular, 0 : ﬁ tanh /Bi

. |t 3

Hyperbolic, 0.5 T s (: Jﬁ,’)

2

1++/1+4Bi

Parabolic, 2

‘ 1 1,(2VBi
Triangular, 1 |:> JBi I_[2VBi
o
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