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Abstract

Pressure retarded osmosis (PRO) can be considered as one of the methods for utilizing osmotic power, which is a membrane-based
technology. Mathematical modeling plays an essential part in the development and optimization of PRO energy-generating systems.
In this research, a mathematical model was developed for the hollow fiber module to predict the power density and the permeate
water flux theoretically. Sodium chloride solution was employed as the feed and draw solution. Different operating parameters, draw
solution concentration (1 and 2 M), the flow rate of draw solution (2, 3, and 4 L/min), and applied hydraulic pressure difference (0 -
90 bar) was used to evaluate the performance of PRO process of a hollow fiber module. The effect of these operational parameters
was investigated on the theoretical permeate water flux and power density. According to the theoretical results, the permeate water
flux and the power density increased with increasing the concentration of draw solution and the flow rate of the draw solution. While
decreased with increasing the feed solution concentration. By increasing the applied hydraulic pressure on the draw solution, the
water flux decreased and the produced power density increased. The maximum power density and the corresponding permeate water
flux of 2 M NaCl draw solution was approximately 16.414 W/m? and 11.818 LMH respectively, which occurs at an applied hydraulic
pressure of 50 bar.
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It is considered as an intermediate between reverse
osmosis (RO) and forward osmosis (FO) processes. The

1- Introduction

Pressure retarded osmosis (PRO) can be considered as
one of the methods for utilizing osmotic power, which is a
membrane-based technology [1]. It is considered as one
of the renewable energies, which was investigated over
the last decade intensively [2] due to its superior energy
efficiency and high power density, as well as its
compatibility with highly salty solutions [3]. The energy-
releasing process through the mixing of salt-water and
fresh-water can be demonstrated by considering basic
osmotic principles [4]. The process of PRO can be
considered as one of the most widely investigated
technologies for harnessing salinity gradients and
converting the osmotic power into useful work [5]. The
pressure retarded osmosis process utilizes the osmotic
pressure difference that develops when a semipermeable
membrane separates two different concentration solutions
for driving the water permeation from the low-
concentration solution “feed solution FS” into the high-
concentration solution “draw solution DS”. A hydraulic
pressure less than the osmotic pressure difference is
applied to the draw solution, thereby “retarding” the flux
of water across the semipermeable membrane. A hydro-
turbine extracts useful work from the expanding volume
of the draw solution [6].

same as to RO, the hydraulic pressure is applied to the
side of the draw solution against the osmotic pressure
gradient but it is smaller than the osmotic pressure
difference. Consequently the net flux of water remains
towards the concentrated draw solution, which is in a
direction identical to that of the FO process [7]. Fig. 1
represents the flux directions and driving force for the
PRO process that is occurring because of the contact of
pure water and saline water through a semipermeable
membrane [8].
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Fig. 1. Representation of Solvent Flow in Pressure
Retarded Osmosis (PRO) [8]
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In 2009, Statkraft, which is a Norwegian company in
the clean energy sector, has constructed the first prototype
plant of osmotic power in the world by mixing seawater
and fresh river water across a semi-permeable membrane.
It is planning to commercialize osmotic power with a
projected energy cost-competitive against other renewable
energy sources.

Based on Statkraft, the power density of the
membrane was determined to be between 4 - 6 W/m? to
make PRO profitable [9]. Another prototype hybrid RO-
PRO was constructed by the Mega-ton Water System
project in Japan in 2010. This plant aimed to hybridize
seawater reverse osmosis (SWRO) and wastewater
reclamation systems for power generation. The maximal
power density of this system was 13.3 W/m? at about 27
bar hydraulic pressure difference [10], [11].

Yasukawa et al., 2018 [12] had examined the
efficiency of pressure-retarded osmosis process using
CTA hollow-fiber membrane, the maximum power
density was 0.14 W/m? at about 4 bar hydraulic pressure
difference when using 0.5 M NaCl as draw solution DS
and Tap water as feed solution.

The research aims to develop a mathematical model of
the water flux and power density for a PRO hollow fiber
membrane and examine the effect of many parameters on
the performance of the pressure retarded osmosis process
theoretically.

2- Modeling

The mathematical model describes the mass transport
in detail in four transport-zones, which are boundary
layers on the two surfaces of the membrane, within the
porous-support layer, and across the active layer of the
membrane. The precise mass transport description is
highly significant for the evaluation of the performance of
the HF membrane. Therefore, the mathematical model
was developed by using the minimum of assumptions, so
it takes into consideration all negative effects that reduce
the performance of the PRO process.

2.1. Mass Transport in the Realistic Hollow Fiber
Membrane

Fig. 2 illustrates a cross-section of a hollow fiber
membrane with an active layer at the outer HF surface.
The draw solution is in direct contact with the active layer
outside the hollow fiber, whereas the feed solution is
inside the hollow fiber.

In this type of configuration, water radially permeates,
through porous-support and active layers, toward the DS
outside hollow fiber (shell-side). On the contrary, the
solute diffuses down the concentration gradient from DS
outside to feed solution within hollow fiber (lumen-side).
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Fig. 2. Schematic Showing the Cross-Section of HF
Membrane and its Geometrical Parameters

With a realistic membrane and hydrodynamics, four
phenomena are occurring that reduce the trans-membrane
water flux and power generation in the PRO process as
presented in Fig. 3:

1. The concentrative external concentration polarization
(ECPconcentrative ) ON the feed solution side raises Cg
(oulk feed solution concentration) to Cg,, (solute
concentration on the support layer of membrane
surface that faces feed solution).

2. The dilutive external concentration polarization
(ECPqiutive ) ON the draw side reduces Cp ;, (bulk draw
solution concentration) to Cp ,, (solute concentration
on the active layer of the membrane surface that faces
draw solution).

3. The internal concentration polarization (ICP) within
the porous support layer elevates the solute
concentration from Cg, to Cg; (solute-concentration
at the interface between the active layer and the
support layer).

4. The reverse salt ions diffuse from the draw solution to
the feed solution because of the concentration gradient
across the membrane.
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Fig. 3. Concentration Profile Over an HF Membrane
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As illustrated in Fig. 3, the effects of both ECP and
ICP combine to reduce the osmotic pressure difference
across the membrane to some effective value Ameg that is
much smaller than A.

a. Mass Transport in Support and Boundary Layers

The salt mass transport in the porous-support layer of
membrane and the boundary layer for each membrane
side will equal the summation of diffusive and convective
salt transport. The diffusive salt transport is defined by
Fick's law, whereas the convective transport of salt
represents the product of the local solute concentration
C(r) and the water flux J,,(r). Hence, the salt mass
transfer can be expressed by the general equation at the
radial position (r) [13]:

Js(r) = D952 — (). C(r) @)

Where: J,,(r) represents the water flux, J¢(r) represents
the salt flux, C(r) represents the concentration of the salt
at the radial positionr, and D’ represents the solute
general diffusion coefficient.

The fluxes ], (r) and Js(r) in Eg. (1) are the areal
fluxes that represent volume flow rate across a unit area
of the membrane. The fluxes are not constant with respect
to r due to the available area of flow changes in the radial
direction. However, the linear fluxes that represent the
volume flow rate through a unit length of the hollow fiber
membrane, are constant and independent of the radial-
position. Thus, Eq. (1) can be re-written by converting the
areal water flux J,, (r) and areal solute flux J;(r) to linear
water flux &, and linear solute flux &, respectively,

£y = 2mr)yy (r) and & = 2mr)(r):
g =2mD 2 g, c(r) @
Dividing Eq. (2) by &, gives:

B _ 2mrD’ dC(r)

Ew &y dr

C(r) (3)

Eq. (3) can be solved as an ordinary differential
equation by applying the separation of variables method.
Rearrangement of Eq. (3) to separate the variables:

dr _ 2mD’

dC(r)
r Sw C(r)+§—:,

(4)

e Porous Support Layer

In the porous-support layer of the membrane, the
differential equation (Eq. 4) can be used, but, the general
diffusion coefficient (D’) simply represents the effective
solute diffusion coefficient in the porous-support layer

(Ds):

dr _ 2mDg

dC(r)
r o twocm +§—v5v

®)

The solute diffusion coefficient in the porous-support
layer Dy is given by [14]:

DrF.
Ds === (6)
Where: Dy is the solute diffusion coefficient in the bulk
feed solution, €, and t are the porosity and the tortuosity
of the support layer structure of the membrane. Therefore,
Eg. (5) can be rewritten as:

Dg.£

dr _ 2m—— dC(r)

r Ew )+
Tw

U]

The thickness of the active layer is very small in
comparison with the thickness of the porous support layer
and the boundary layers. Therefore, no differentiation is
done between the positions on both sides of the active
layer when formulating the boundary conditions (i.e.,
rr =r; =r,) (Fig. 3) [15].

C(r=r;) =Cgp B.C.1

C(r=r, =1,) = Cg; B.C.2

Integration over the porous membrane structure with the
B.C. 1 and 2 yields:

2n 2EE [Crm_dc) ®)
Cr,i C(r)+§—‘;

frr =

o r Ew

giving the solution:

Dg.e c +§
E _ 21 * Fm Ew
In (ro) =— In < CF#;_S) 9)

which can also be rewritten as Eq. (10):

_SwT
Cri = (Cum +22) (Zo)7mPFF - &=

Sw rj Sw

(10)

e Draw Solution Boundary Layer

On the draw solution side, solutes are diluted at the
surface as water enters from the feed side, giving rise to
dilutive ECP. As a result, the effective osmotic pressure
difference would reduce from mp }, t0 Tp 1.

The reverse draw solute flux on the side of the draw
solution can also be derived using the same differential
equation as in Eq. (4), with different boundary conditions.
Thus, the boundary conditions for ECP on the draw
solution side are:
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Cr=rg =1,) =Cppy B.C.3

C(r=r,+8p) =Cpy B.C4
Where: & represents the thickness of the DS boundary
layer. Eq. (4) can be integrated over the draw solution
boundary layer with B.C. 3 and 4. Here, the general
diffusion coefficient (D') represents the solute diffusion
coefficient in the bulk draw solution (Dp).

ro+8p dr 2nDp Cpp dC(r)
a _ : 11
S = T eom e (11)
giving the solution:
1 ro+8p 21t Dp ] CD,b*';_‘; 12
n(e) = (Gt (12)
Which: can also be rewritten as Eq. (13):
; s
_ Ss To 2mDp _ Ss
Com = (con+ &) (22577 - @

e Film Thickness on the Draw Solution Side

The film thickness on the draw solution side of the
membrane &y, (shell side) is given by [16]:
where kp represents the mass transfer coefficient for the
draw solution, can be defined by [17]:

D
6p = 2 (14)
D
Shg.D
kp = 22 (15)

Where: Shy is the Sherwood number at the shell side, and
dy, is the hydraulic diameter at the shell side of the
membrane. The Sherwood number is determined from the
following correlations [18]:

0.93
shy = 1255¢,* (Re, ) (Re=0-500)  (16)
Where: L is the module length, Sc, and Reg are the
Schmidt and Reynolds numbers at the shell side,
respectively. The Reynold and Schmidt numbers are

determined as:

Re, = 2p:updn (17)
Hp
HD
S o 1
S¢s pp-Dp ( 8)

Where: pp and pp are the density and dynamic viscosity
of the draw solution, respectively, and up, is the velocity
of the draw solution in the shell side and can be calculated
as:

V)
As

(19)

Up

Where: Qp represents the volumetric flow rate of draw
solution in the shell side, and A, is the cross-sectional
area of the shell side and can be calculated as:
As = 7 (Dfmodute — Niiverd3) (20)
Where: Ngper IS the number of fibers in the module,
Di modute represents the inner diameter of the module, d,
is the outer diameter of the fiber.

The hydraulic diameter of the shell side can be
determined as [19]:

e Feed Solution Boundary Layer

A similar derivation can be conducted at the feed
solution side with B.C. 5 and 6. Here, the general
diffusion coefficient (D’) represents the solute diffusion
coefficient in the bulk feed solution (Dg).

C(r =TI — 8F) = CF,b B.C.5

C(r=r;) =Cgp B.C.6
Where: 65 represents the thickness of the FS boundary
layer.

2nDg (Cgp dc(r)

rj- 51:‘ dr
—= 22
ST R ek (22)
Giving the solution:
; el
_ Ss rj 2mDR _ Ss
Crm = (CF'b + zw) (ri— 61:) Ew (23)

Substituting Eq. (23) for Cg, in Eqg. (10) gives an
expression for the concentration at the active layer-
support layer interface, Cg;, that only depends on the bulk
concentration.

tw _SwT

e Film Thickness on the Feed Solution Side

(24)

The film thickness on the feed solution side of the
membrane & (Lumen-Side) is given by [16]:

P (25)

F~= K
Where kg represents the mass transfer coefficient for the
feed solution, and can be defined by [20]:

__ Shyp.Df

k
F 4

(26)
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d; represents the inner diameter of the HF membrane, and
Shy is the Sherwood number at the lumen side, which is
determined from the following correlations [21]:

Shy = 1.62 S¢//* Re}’? (%)1/3 =1.62Gz", G =6 (27)
Or

dj
Sh; = 0.5 Sc..Re, (f) =05Gz, Gu<6  (28)

Where: L is the module length, Sc; and Re; are the
Schmidt and Reynolds numbers at the lumen side,
respectively. Gz, is the Graetz number at the lumen side,
defined as Re;.Sc.d;/L. The Reynold and Schmidt
numbers are calculated as follows:

Re, = 2rrdi (29)
HE
_ _HF
SCl = orDp (30)

Where: ug is the velocity of the feed solution in the lumen
side, d; is the inner diameter of the fiber, pg, and g are
the density and dynamic viscosity of the feed solution,
respectively.

_ o

= (31)

Up

Where: Qp represents the volumetric flow rate of feed
solution in the lumen side, and A, is the cross-sectional
area of the lumen side and can be calculated as follows:

T2

Ay = Neiper 7 dj (32)

b. Mass Transport across Active Layer

The mass transport equations related to the water flux
and solute flux through the active layer membrane at
position r, are described by [15]:

Jw(ro) = 2= — AP)

Ziro = A(ATtyctive (33)

The effective osmotic pressure, AT, .ive, that governs
the mechanism is [22], [23]:

Atactive = (T[D,m - T[F,i) (34)
Therefore, Eq. (33) can be written as:

Jw(ro) = 5= = A(rtp m — Tip; — AP) (35)
and the salt flux through the active layer is written as:

Js (r6) = 72 = B(Cpm — Cr) (36)

Where: B represents the salt permeability coefficient. The
osmotic pressure () of any solution can be defined using
Van't Hoff's equation [24], [25]:
m = nCR,T (37)
Where: n is the number of ions in the dissociated salt, C is
the solute molar concentration, R, represents the gas

constant, and T represents the temperature of the solution.
Thus, we consider that:

T[D,m = nRgTCD’m (38)
Ttp; = NRGTCy; 39)
Tem = NRGTCp (40)

Therefore, Eq. (35) for the water flux can be rewritten as:
Dividing Eq. (36) by Eq. (41) yields the specific salt flux
in PRO, as follows:

Jw(ro) = 2 = AnR,T(Cpm — Cry) — AAP (41)
., B AAP
a - AnRgT ( EW/anO) (42)

Substituting Cp y, in Eq. (41) with its expression presented
in Eq. (13) and substituting &/, with its expression
developed in Eq. (42) yields Eq. (43):

Ew

) (s - ) @)

Substituting Cg; in Eq. (41) with its expression presented
in Eq. (24) and substituting &,/€,, with its expression
developed in Eq. (42) yields Eq. (44):

B
Tpm = (T[Db + n (1

Sw Sw.T
+ AAP ) ( Ty )anF (r_g)zn Dp.e __
Ew/2mro ri— 8 rj

(44)

Tgi = | Tgp + %(1
A+ )

Substituting mp , and mg; in Eq. (35) with its expression
presented in Eq. (43) and Eq. (44) respectively, yields Eq.
(45):

Sw
B B AAP Yo \zmbp —
£, = 2mr,A [(nD'b +2(1+ » /mo)> (r0+5D) <T[F,b +

(10 20 (2 (o

Replacing the linear flux, &, in Eq. (45) with the areal
flux, J,,, by noting that &, = 2mr, |, :

(45)
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Jw = A [(nDb +2(1+ ﬂ)) (r:—ﬁb)”_]; - (np,b +

Tolw ToJw.T

B (0+22) () ) -]

The terms in equations 46 and 47 are membrane
parameters, solution properties, and measurable system
conditions. The mathematical model for the PRO process
was solved iteratively by the aid of the Microsoft Excel
Program 2010 for a range of operating conditions to
determine the permeate water flux.

The water flux equation, Eq. 46 was solved using Goal
Seek Function by providing an initial guess and then
updating iteratively. According to the study, the hollow
fibre PRO membrane has water permeability coefficient
equal to 0.471 L/m2 h.bar, salt permeability coefficient
equal to 0.384 L/m2 h, and structural parameter equal to
855um.

(46)

25
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Fig. 4. Modeled Water Flux Vs. Applied Pressure
Difference for Different DS Concentrations (FS = 0.25
g/L NaCl, T =35°C, Qp=2 L/min, Qr =1 L/min)
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Fig. 5. Modeled Power Density Vs. Applied Pressure
Difference for Different DS Concentrations (FS = 0.25
g/L NaCl, T =35°C, Qp=2 L/min, Q¢ = 0.1 L/min)

Fig. 6 and Fig. 7 demonstrate the impacts of applied
pressure difference on the water flux and power density of
the PRO system wunder various feed solution
concentrations. The other conditions such as temperature
(35 °0), DS flow rate (2 L/min), FS flow rate (1 L/min)
were kept constant. As expected, the water flux and
power density values decrease as the feed solution
concentration becomes higher. Increasing the feed
solution concentration from 0.25 g/L (Tap Water) to 10
g/L (High-Salinity brackish water) led to a decrease in
both water flux (Fig. 6) and power density (Fig. 7).

Increasing the concentration of the feed solution induces
a reduction in the effective osmotic pressure difference;
hence, the driving force of the PRO process decreases.
When the feed solution concentration was increased from
0.25 g/L to 10 g/L, the power density decreased about
85% as shown in Figure 7.

==#==F5=10gl
FS=5 g/l
FS=0.25g/l

Water Flux, Jw (LMH)

0 40 60 80 100
AP, bar

Fig. 6. Modeled Water Flux Vs. Applied Pressure
Difference for Different FS Concentrations (DS = 2M
NaCl, T =35°C, Qp=2 L/min, Qr =1 L/min)
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AP, bar

Fig. 7. Modeled Power Density Vs. Applied Pressure
Difference for Different FS Concentrations (DS = 2M
NaCl, T =35°C, Qp=2 L/min, Qr =1 L/min)

Fig. 8 and Fig. 9 represent the impact of the DS flow
rate on the PRO performance. They show how the water
flux and and power density varies with hydraulic
difference for various flow rates of draw solution (2, 3
and 4 L/min).

As the DS flow rate increased, there was a little increase
in the water flux and power density, such an increase was
because of the decrease in the DS dilution effect.

Also, the flow changes the mass transfer boundary layer
thickness at the membrane surface.

It was observed that the power density increased around
only 8 % when the flow rate of the draw solution was
increased from 2 L/min to 4 L/min at 50 bar applied
pressure difference.
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Fig. 8. Modeled Water Flux vs. Applied Pressure
Difference for Different Flow Rates of Draw Solution (FS
=0.25¢g/l, DS=2M NaCl, T=35°C, Qr = 0.1 L/min)
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Fig. 9. Modeled Power Density Vs. Applied Pressure
Difference for Different Flow Rates of Draw Solution (FS
=0.25¢g/l, DS=2M NaCl, T =35°C, Q= 0.1 L/min)

4- Conclusion

In this study, a mathematical model was developed for
the HF module to predict J,, and W theoretically by using
the minimum of assumptions, so it takes into
consideration all negative effects that reduce the
performance of the PRO process. Maximum power
density (15.248 W/m?) occurred at an applied pressure
difference of 50 bar for 2M draw solution concentration
(102.8 bar osmatic pressure).

Therefore, this means that the maximum power density
has occurred at an applied pressure difference of around
50% of the osmotic pressure difference(AP =~ Am/2).
Increasing the concentration of the draw solution
enhances the performance of the PRO process in terms of
water flux and power density by increasing the osmotic
driving force, whereas increasing the concentration of the
feed solution reduces the water flux and power density.
When the draw solution flow rate increases from 2 to 4
L/min, a slight enhancement of power density and water
flux was identified.
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